Abstract. For elastic-perfectly plastic structures under prescribed loading histories, the wellknown Melan's theorem gives a sufficient condition for shakedown to occur, i.e. for the evolution to become elastic in the large-time limit. The original Melan's theorem rests on the assumption that the material properties remain constant in time, independently on the applied loading. This communication addresses the long standing issue of extending Melan's theorem to temperaturedependent (or time-dependent) elastic moduli. The main motivation is to extend the range of applications of Melan's theorem to thermomechanical loading histories with large temperature fluctuations: In such case, the variation of the elastic properties with the temperature cannot be neglected. Some recent results obtained in perfect plasticity and viscoplasticity are presented and discussed.
INTRODUCTION
For elastic-perfectly plastic structures under prescribed loading histories, the well-known Melan's theorem [1, 2, 3] gives a sufficient condition for shakedown to occur, i.e. for the evolution to become elastic in the large-time limit. Intuitively, shakedown means that the plastic strain tends to a limit as time tends to infinity. The Melan's theorem has the distinctive property of being path-independent, i.e. independent on any residual stress that may exist initially in the structure. The shakedown theory has been the object of numerous developments, regarding both extensions of the original theorem to various nonlinear behaviors [4, 5, 6, 7, 8, 9] and numerical methods for assessing the shakedown limits in the case of parametrized loading histories [10, 11, 12, 13, 14, 15, 16] .
This communication addresses the issue of extending Melan's theorem to temperature-dependent (or time-dependent) elastic moduli. The main motivation is to extend the range of applications of Melan's theorem to thermomechanical loading histories with large temperature fluctuations: In such case, the variation of the material properties with the temperature cannot be neglected. Whereas the case of temperature-dependent yield limits is well understood [17] , the case of temperature-dependent elastic moduli remains a long standing issue and has been the object of several conjectures [18, 19, 20, 21] . The main difficulty is that the proof used in the original Melan's theorem -as well as in most of its knows extensions -crucially relies on some contraction properties that are lost when the elastic moduli are allowed to vary in time. A shakedown theorem has recently been proposed for elastic-perfectly plastic materials with time-periodic elastic properties [22] . The statement and proof of that theorem differ significantly from the case of constant material properties. A salient result is that time fluctuations of the elastic moduli need to remain small (in a certain sense) for shakedown to occur in a path-independent fashion.
In this communication, the theorem of [22] is presented and improved upon. The extension to elastic-viscoplastic materials is discussed.
EVOLUTION EQUATION FOR THE STRESS FIELD
Consider an elastic-plastic material occupying a domain Ω in the reference configuration. Under the small strains assumption, the strain ε, stress σ and plastic strain ε p at position x and time t are related by the constitutive equations
where φ is the dissipation potential, assumed to be positive, convex, and null at the origin. In (1), L is the (symmetric positive definite) elastic moduli tensor and ε θ is the thermal strain tensor. Note the time dependence of L, ε θ and φ , which may result from imposed variations of the temperature. The elastic domain of the material is denoted by C (x,t), i.e. C (x,t) = {σ : φ (σ , x,t) = 0}. Assuming quasi-static evolutions, the stress field σ satisfies the equilibrium equations
where f (x,t) are body forces and T (x,t) are tractions prescribed on a part ∂ Ω T of the boundary ∂ Ω. The strain field ε and displacement field u satisfy
where v(x,t) is a given function.
As usual in shakedown analysis, it is convenient to introduce the fictitious elastic response (u E , σ E ), i.e. the response of the system if it were purely elastic, defined by
The boundary value problem defined by Eqs. (1-4) governs the evolution of the fields (u, ε, σ ). An evolution equation involving only the stress field can be formulated from Eqs.
(1-4), as is now detailed. Let E denote the space of stress fields, chosen as a subspace of symmetric second-order tensor fields with square-integrable components. The space E is equipped with the scalar product σ , σ = Ω σ (x) : σ (x)dω. The associated norm is denoted by , i.e. σ = σ , σ . For simplicity we assume in the following that E is of finite dimension. Any stress field σ satisfying (3) can be written as σ = σ E + ρ where ρ belongs to the vectorial space H ⊂ E of self-equilibrated stress fields, defined by
For an arbitrary ρ ∈ H, it follows from (1) that
The principle of virtual power shows that the left-hand side of (7) is equal to 0, hence
Let Φ(ρ,t) : H → R be the convex, positive function defined by
Note that Φ(·,t) vanishes on the set
We have (at least formally)
Further introducing the linear symmetric operator L(t) :
Since the elastic moduli tensor L(x,t) is symmetric positive definite, it can easily be verified that L(t) is self-adjoint and positive definite. Its inverse is denoted by M(t). Starting from a given initial state ρ(t = 0), the evolution of the stress field in H is governed by the ordinary differential equation (9) . The uniqueness of the stress rateρ has been proved in [23] .
In the case of time-independent elastic moduli, a change of scalar product allows Eq. (9) to be put in the form
Properties of Eq. (10) are well understood. In particular, the distance between two solutions (as measured by the energy norm) is decreasing with time: For two solutions ρ(t) and ρ (t) of (10), we have indeed
where the convexity of Φ(·,t) has been used. The contraction property (11) plays a crucial role when studying the asymptotic behaviour of solutions as t → +∞. If L(t) is a radial function of time, i.e. of the form
then a change of variables allows Eq. (9) to be cast in the form (10) [22] . In the general case when L(t) is not radial, then the properties of Eq. (9) differ significantly from those of Eq. (10) -In particular, the contraction property is lost. In the following it will be useful to measure 'how much' L(t) (or M(t)) differs from a radial function. To that purpose, set
and define
where |||·||| is the norm operator in
, and is non negative otherwise.
Remark: For simplicity, we have assumed so far that the dissipation potential φ is differentiable, which is the case for viscoplasticity. For perfect plasticity, the dissipation potential is only subdifferentiable: Eqs. (9) and (10) have to be replaced with
and
respectively. In Eqs (14-15), I K(t) is the indicator function of the set K(t) and ∂ denotes the subdifferential operator. Eq. (15) corresponds to the so-called 'sweeping process' [24] .
SHAKEDOWN THEOREM
In the following we study the asymptotic behavior of solutions to (9) as t → ∞. We consider the case where L(t), K(t) are periodic in time (with the same period T ) and assume that K 0 (t) and L(t) are bounded by some constants denoted respectively by M and C, i.e.
for all t and ρ ∈ K 0 (t). As mentioned in the introduction, shakedown corresponds to the situation where the evolution becomes elastic in the large time limit. Elastic evolutions are characterized by the fact that φ (σ (x,t), x,t) = 0. Concerning the evolution equation (9) for the stress field, it follows that the distinctive properties of an elastic solution ρ
Shakedown corresponds to the situation where the residual stress converges towards an elastic solution as t → ∞. Our main objective is to examine conditions under which every solution of (9) converges towards an elastic solution in the large time limit. More precisely, the main result we discuss is the following Shakedown theorem: If (i) There exists an elastic solution ρ * to Eq. (9) and some r > 0 such that
(ii) the elastic moduli are such that
then shakedown occurs, whatever the initial state is.
That theorem holds for elastic-perfectly plastic materials as well as for Duvaut-Lions elastoviscoplastic materials (see Sect. 3.3). Condition (i) means that there exists an elastic solution that remains in the interior of the elasticity domain K(t): It is a reformulation of the Melan's condition found in the classical Melan's theorem. Condition (ii) sets restriction on the time variations of the elastic moduli. Setting such a restriction is necessary to obtain global convergence results: One can indeed find counterexamples in which condition (i) is fulfilled and some solutions of (9) do not become elastic in the large time limit [22] .
Variation of the elastic energy
Let ρ * (t) be an elastic solution satisfying (i) and let ρ(t) denotes an arbitrary solution of (9). We consider the positive function f defined as
where τ(t) = µ(t)(ρ(t) − ρ * (t)). The function f is referred to as the elastic energy. The shakedown theorem stated above rests critically on the property
where
Eq. (19) bounds the variation of the elastic energy over a cycle. That bound plays the role of the contraction property that holds only in the case of time-independent elastic moduli. Observe in particular from (19) that f (a + T ) − f (a) ≤ 0 if γ(0, T ) is sufficiently small. The rest of this Section is devoted to a proof of Eq. (19) . The inequality (19) is obtained by performing minor modifications to a similar result obtained in [22] for perfect plasticity, hence we only sketch the main steps of the proof and refer to [22] for details. Recalling that d(L(t)ρ * (t))/dt = 0 and setting
where η(t) = L(t)τ(t). Integrating on the time interval [a, a + T ] gives
In the following, the two integrals in the right-hand side of Eq. (20) are bounded separately. Let us first consider the integral a+T a τ(t),η(t) dt. Noting from (9) thatη(t) = −Φ (ρ(t),t) and recalling that Φ is convex, positive and vanishes in K(t), we have
Now consider the integral
is independent on t. Some manipulations (see [22] 
Since
We also have, for t ∈ [a, a + T ],
Substituting (24) (25) in (23) and using the definition (13) of γ(a, b), we obtain
Replacing (22) (23) (24) (25) (26) in (19) and observing by periodicity that γ(a, a + T ) = γ(0, T ), Eq. (19) is obtained.
Case of elastic-perfectly plastic materials
In perfect plasticity, the stress is constrained to remain in the elasticity domain C (x,t), which by (16) implies that ρ(t) ≤ M and ρ * (t) ≤ M for all t. By (16) we thus have L(t)ρ(t) ≤ CM and L(t)ρ * (t) ≤ CM. In (19) , the constant N thus satisfies N ≤ CM. Applying Eq. (19) on the time interval [iT, (i + 1)T ] gives
Taking the limit I → ∞ shows that the integral S 0 η(t) dt converges as S −→ +∞. It follows that η(t) also converges towards a limit η ∞ as t −→ +∞. Setting ρ ∞ (t) = M(t)η ∞ , it can be checked that ρ(t) − ρ ∞ (t) −→ 0 as t → ∞, and that ρ ∞ (t) is an elastic solution.
Remark: For perfect plasticity, the theorem stated above slightly improves on the result obtained in [22] . In [22] , a condition analog to (ii) was formulated, with the factor 2 in (ii) replaced by a factor 3.
Case of elastic-viscoplastic materials
Compared to perfect plasticity, an additional difficulty is that the stress is not restricted to remain in the elasticity domain: There is no direct bound on ρ(t), hence no direct on the constant N in (19) . That difficulty, however, can be overcome in the case of a Duvaut-Lions viscoplastic behavior, i.e. for a dissipation potential of the form
where α > 0 is a viscosity parameter (assumed to be independent on (x,t) for simplicity) and P C (x,t) denotes the projection on the elasticity domain C (x,t). Full details will be published elsewhere [25] , but the main point is that η(t) = L(t)ρ(t) is bounded by a constant N for large time. Moreover, that constant N can be chosen as arbitrary close to CM. Using (19) with a value of N such that CM < N < (r inf µ)/2γ(0, T ), one can show that η(t) converges as t → ∞ and consequently that ρ(t) converges towards an elastic solution (the reasoning is similar to that presented in Sect. 3.2).
EXAMPLE
As an illustrative example, consider the 3-bar truss represented in Fig. 1 . We denote by σ i , ε i , ε p i the uniaxial stress, total strain and plastic strain in bar i. The constitutive relation in each bar reads as
The truss is stress-free, i.e. σ 1 + σ 2 + σ 3 = 0. The loading consists of a thermal strain ε θ 2 (t) = a sin(2πt/T ) in bar 2. We assume that E 1 = E 3 remains independent on time and that E 2 (t) vary as E 2 (t) = E/(1 + δ sin 2 (πt/T )). The elasticity domain is the same for all bars and taken as [−σ y , σ y ] where the yield limit σ y is independent on temperature. For the problem at hand, the vectorial space E of stress fields identifies with R 3 and is equipped with the scalar product σ , σ = ∑ 3 i=1 σ i σ i . Writing the stress state of the system as σ = (σ 1 , σ 2 , σ 3 ), the fictitious elastic response of the system is
It follows that σ E (t) ≤ √ 6σ θ /3 where σ θ = E sup t |ε θ 2 (t)|. Any σ in K 0 verifies σ +σ E ≤ √ 3σ y . Hence the constant M in (16) can be taken as
In the present case, the space H of self-equilibrated stress fields is of dimension 2. Calculating the operator L(t) shows that
Note that (0, 0, 0) is an elastic solution. As long as σ θ /σ y ≤ 3/2, it can be verified that (0, 0, 0) satisfies condition (i) with a value or r given by
In Fig. 2 are represented the values (σ θ , δ ) satisfying conditions (i)-(ii): Shakedown occurs for any (σ θ , δ ) below the solid line shown in Fig. 2 . For δ = 0, we obtain that shakedown occurs provided that σ θ ≤ 3/2σ y , in agreement with the classical Melan's theorem for timeindependent moduli. As can be observed on Fig. 2 , the time fluctuations of the elastic moduli result in a decrease of the shakedown limit on σ θ . Those results apply both to elastic-perfectly plastic materials and to elasto-viscoplastic material of the Duvaut-Lions type. In Fig. 3 are plotted the incremental evolution of the plastic strain and residual stress in bar 2, starting from an initial residual stress ρ(0) = (0.46, −0.53, 0.07)E. The plots on the left correspond to a elastic-perfectly plastic behavior, while the plots on the right correspond to a elastic-viscoplastic behavior. We set δ = 0.1 and ε θ (t) = 0.1(σ y /E) sin(2πt/T ): Such values are below the shakedown limit shown in Fig. 2 . As expected from the shakedown theorem, we observe the convergence of the plastic strain towards a stabilized value. In the case of perfect plasticity, that convergence is reached after the first loading cycle. In contrast,the convergence is slow in the case of viscoplasticity. Observe that the residual stress does not converge towards a stabilized value: This is a direct consequence of the time dependence of the elastic moduli. 
